ON UNIQUENESS OF CENTRAL DECOMPOSITIONS OF GROUPS C. Y. TANG
In this paper a condition for two central decompositions of a group into centrally indecomposable factors to be isomorphic modulo the center is derived. Using this result a larger class of groups with central decompositions into centrally indecomposable factors isomorphic modulo the center than that of an earlier work of the author is determined. An example of a group having two central decompositions into centrally indecomposable factors which are not isomorphic modulo the center is also obtained.
The purpose of this paper is to extend the results of an earlier work of the author [5] The central products defined in [5] are special cases of the generalized direct products in [4] . The term 'central product 7 was introduced by P. Hall in [2] . In [1] Gorenstein discussed the irreducible representations of central products in terms of those of the individual factors and also made use of them in the study of extra-special p-groups and critical subgroups of p-groups. It is of interest to note that in these cases the central products involved all have central factors whose factor groups with respect to their centers are abelian of rank ^3. The results of this paper show that all such central factors are centrally indecomposable and moreover any two such decompositions are isomorphic modulo the center. It must, however, be noted that in [1] central products are used in a more general sense, in that the amalgamated subgroup is allowed to be a proper subgroup of the center, while in our case the amalgamated subgroup must be the center itself. But this does not affect the above observation.
All notations and terminology will be the same as in [5] , and unless otherwise specified H shall always mean Z(G). Moreover, the ascending and descending chain conditions for normal subgroups are always assumed and the rank of an abelian group is used in the sense of Prufer (Kaplansky [3] ). Thus G = (A x B) π means that G = AB, with [Ay B] = 1 and A Π B = H = Z (G) . Two central decompositions of G are said to be isomorphic modulo H if the induced direct decompositions of G/H are isomorphic. Our problem is to find conditions for a group to have unique, up to isomorphism modulo H, central decomposition into centrally indecomposable factors.
The following results from [5] will be needed: 
Lemma 1 follows from Lemma la by putting c* = c~ιx.
LEMMA 2. (Lemma 3.4, [5]). If G = (A x B) H = (C x D) H and M is a subgroup of A containing H such that M c P A (C) and C P
^he homomorphism mapping G onto G = G/iϊ then the iϊ-projection of x e G in Gi is defined to be the set of all preimages of (xθ)θi under θ, where 0* is the (^-decomposition operator of G = Π?=i ^, G 4 = Gβ. This set is denoted by P G . (x) . Also, for xeG, x shall always mean xθ. THEOREM 1. (Theorem 3.10, [5] 2. In the theory of direct decompositions it is known that if a group G has a trivial center then G has a unique Remak decomposition. An analogue to this property in the case of central decompositions will be that if the factor group G/Z(G) has a trivial center then the central decomposition of G into centrally indecomposable factors is unique.
The following lemma can be proved by an easy computation:
Proof.
Assume AczC. 4. In this section we shall derive a condition for central decompositions of G into centrally indecomposable factors to be isomorphic modulo the center and apply it to central decompositions of nilpotent groups of class 2 in which the factor group of each factor with respect to the center is abelian of rank ^3.
The following lemma can be easily proved. An easy computation will give (1), (2) and (4) Thus we note that any central decompositions of a p-group of class 2 generated by seven if-generators into centrally indecomposable factors are isomorphic modulo the center. In § 6 we have an example of a p-group of class 2 generated by nine iJ-generators which admits central decompositions into centrally indecomposable factors that are not isomorphic modulo the center. The question whether there exist a nilpotent group of class 2 generated by eight ίZ-generators admitting central decompositions into centrally indecomposable factors that are not isomorphic modulo the center is still undecided. Proof. Let G = (Π?=i GI)H = (ΠΓ=i_Ή)*, where G 4 is generated by two ίf-generators for all i. If every Gi is exchangeable with every F ό in Π?=i Gi = IΪΠ=i ^» then our theorem is true. Therefore we shall assume that there exists a pair of Gi and F d such that G { and F y are not exchangeable. Let i = j = 1. Let G x = {s^ s 2 , H). Then, by Lemma la, there exist elements a { = #^ e i^ and 6^ = g7 ι SiU^1 e Fi g { e G, and u { eG[, i = 1, 2. Let £/ = {u x , u 2 , Jϊ}, A = {α x , α 2 , ίί} and J5 = {δ x , δ 2 , H}. It is easy to see that C = (G : x J7) ff = (A x ΰ),,. We shall show that G L and B are exchangeable in G L x U = A x B. If C is nilpotent of class 2, then, by Lemma 4.6, G, is exchangeable with either A OY B. But, by Corollary 4.5, G, and A exchangeable will imply G, and F ι exchangeable in G L x Ό = F x x B, whence by Lemma 4.1 contradicting the inexchangeability of G λ and F x in Therefore G x and B are exchangeable in G x x Ό = A x B. If C is not nilpotent of class 2, then, since U is nilpotent of class 2, we must have G x not nilpotent of class 2. This means that G 1 is directly indecomposable. Therefore by Remak-Krull-Schmidt theorem G x must be exchangeable with either A or B. Again as it is in the case of C being nilpotent of class 2 the exchangeability of G x and A is impermissible. Hence G L and B are exchangeable. Thus by Lemma 4.1,
We shall now show that P G [(Fy) -V is either centrally indecomposable or G is nilpotent of class 2 with cyclic C(G). Let
where each Vi is centrally indecomposable.
Then by induction on n we must have r<n -l. Thus ((?! x Fi x x V r ) H has r + 1 < n factors. Hence again by induction this decomposition is isomorphic modulo H to (F 1 x B) H1 whence r = 1. Therefore F is centrally indecomposable. 6* We shall now give an example of a p-group of class 2 admitting two central decompositions into centrally indecomposable factors which are not isomorphic modulo the center.
Let G be generated by a^ b iy c iy i = 1, 2, 3, satisfying the following relations: The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. The editorial "we" must not be used in the synopsis, and items of the bibliography should not be cited there unless absolutely necessary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. Please classify according to the scheme of Math. Rev. 36, 1539-1546. All other communications to the editors should be addressed to the managing editor, Richard Arens, University of California, Los Angeles, California, 90024. 50 reprints are provided free for each article; additional copies may be obtained at cost in multiples of 50.
